Abstract-A new approach for multiport network modeling (MNM) of multilayer planar circuits coupled through slots in ground plane is introduced. Generalized network formulation for aperture problems is combined with Okoshi's model for planar circuits to obtain a unified circuit model for two irregularly shaped planar circuits coupled through a slot of arbitrary shape in their common ground plane. The methodology, which can be generalized to structures having more than two layers, is described by applying the method to a two-layer structure. Results for several sample structures will also be presented.
I. INTRODUCTION
T HOUGH full-wave analysis methods, such as finite element, finite difference, method of moments, etc., are quite powerful tools for analyzing planar microwave structures (and in general for any other electromagnetic structure), they can be quite time-consuming and complicated beyond what is usually needed. Several approximate analysis methods for such structures have been proposed, which can dramatically reduce computational complexity in analysis and design of such structures without neglecting crucial details of the physics of the problem. One of these methods is multiport network modeling (MNM) which was originally proposed by Okoshi [1] .
MNM of open-boundary planar circuits has been successfully employed in analysis and design of thin planar structures. With some improvements, MNM method has also been applied to microstrip patch antennas and arrays on thin substrates [2] - [4] . MNM involves determination of the impedance matrix of the planar structure identified by port voltages and currents using Green's functions [1] . However, Green's functions are only available for a few regular shapes. For irregular shapes contour integral method [1] or segmentation and de-segmentation methods of analysis have been proposed [1] , [5] , [6] .
Slots in ground plane have become very common in multilayer circuits and antennas. The existing conventional 2-D circuit approach proposed by Okoshi and its later refinements cannot include any slots in ground plane as it violates the fundamental assumption that only modes are excited. In this paper, we will combine MNM method and generalized network formulation for aperture problems [7] to account for the excitation of other modes in regions close to the slot and thereby extend applicability of this methodology to multi-layer planar circuits with coupling slots. This is particularly suitable for design optimization of complex multi-layer circuits.
A simple model for multilayer printed circuit boards (PCB) containing cylindrical vias in each of dielectric layers proposed in [8] also uses the equivalence principle and the generalized network formulation for aperture problems to obtain the impedance parameter characterization of the multilayer PCB. The method proposed in [8] , however, treats the multilayer PCB as a cascade of parallel-plate waveguides with half-space regions residing above and below the PCB, and hence essentially assumes that PCB is laterally infinite. Finite PCBs are treated by a moat of equivalent magnetic current around the board. But no mention has been made as how this equivalent magnetic current is obtained or incorporated into the formulation. In contrast, our method does not consider any vertical conductors, such as vias, in dielectric layers. While our method is more suitable for analysis and design optimization of multilayer microwave components, the method proposed in [8] is a powerful tool for prediction of unwanted couplings in the layout of multilayer PCBs.
In Section II, the proposed methodology to formulate and identify such structures in terms of low-frequency network analysis parameters of a hybrid matrix has been presented. This part has already appeared in [9] , [10] , but will be repeated here with some minor changes for convenience of reference. In Section III, the overall impedance matrix of the two-layer structure will be derived in terms of hybrid matrix elements. Section IV will deal with the implementation in detail. Some results obtained from this method for a few sample structures will be given in Section V and they will be compared with the results from ANSOFT HFSS full-wave analysis simulator. And finally a summary of this work will be presented in Section VI.
II. FORMULATION
We first consider the problem of a microstrip patch on a slotted ground plane, as illustrated in Fig. 1 structure is divided up into sufficient number of smaller segments and each segment is treated as a port in low-frequency circuits having a terminal voltage and current [2] . The width of each port is taken to be much smaller than the wavelength to make sure that the current density is almost constant over the width of each port and consequently a port current can be defined as the product of this current density and the width of the port. Each port has a self-impedance and mutual-impedances with the other ports which account for interaction between voltages and currents of corresponding ports. The whole circuit is represented by an impedance-matrix, which relates ports voltages and currents. We will term these ports as edge ports and will use the superscript to distinguish them from slot ports, which will be defined later.
In the absence of any slots, the MNM for an open-boundary planar circuit can be represented as (1) where and are edge port voltages and currents, respectively.
is the edge impedance matrix and as will be seen later can be derived from impedance Green's function. If the planar circuit is slot-coupled to another planar circuit on the other side of a common ground plane, there will be scattered fields from the slot that will modify field patterns on both sides (Fig. 2) . The surface equivalence theorem is used to replace the slot with an equivalent surface magnetic current, . Consequently, there will also be voltage induced at the edge ports due to , which accounts for the presence of scattered fields. Therefore, (1) can be modified as follows: (2) where and are the induced voltage and -directed electric field due to at edge ports, respectively. In particular, for the edge port we will have (3) where is the number of segments along the periphery of the circuit and is the induced voltage at the edge port due to . Since is unknown, a set of basis functions will be used to expand it as . Due to the linearity of Maxwell's equations, we will have (4) In order to derive an impedance matrix representation for the two-layer circuit, a similar equation for the planar circuit below the ground plane has to be linked to (4) . This can be accomplished by enforcing electromagnetic boundary conditions over the slot [7] . Continuity of the electric field is ensured if the fictitious magnetic currents on the two sides of the slot are of the same magnitude but opposite signs. Continuity of the magnetic field, however, must be explicitly enforced. Input currents at the edge ports and the equivalent magnetic current over the slot both contribute to the tangential magnetic field on the slot. This can be written as (5) where and are transverse components of magnetic field due to and , respectively, over the slot. We test both sides of (5) with vector testing functions according to the following definition for the inner product of two vectors in the linear space spanned by 's [7] (6)
Consequently, we will have (7) for . 's are testing functions. If we think of 's as slot port voltages and define slot port currents as , we will have a hybrid matrix representation for a planar circuit with a slot in ground plane as follows: (8) where
. is the transverse component of the magnetic field due to tested by , i.e.,
. It is shown in Appendix III that if testing functions are the same as basis functions, and are transpose matrices.
is the slot admittance matrix and accounts for the interaction of slot ports.
is in fact the transverse component of the magnetic field due to tested by . It is worth mentioning that there is no restriction on the size or shape of the slot.
III. CALCULATION OF THE IMPEDANCE MATRIX
Once the hybrid matrices for the planar circuits above and below the ground plane are evaluated, the impedance matrix of the two-layer structure can be readily obtained by simple algebra. We will use subscripts and to distinguish the two planar circuits. From previous section we have
Continuity of the electric and magnetic fields over the slot require that , and . After eliminating and , the impedance matrix for the two-layer structure can be written as (10) where
Note that if and are transpose matrices of and , respectively, and will be transpose matrices of each other.
IV. EXTENSION OF CONTOUR INTEGRAL METHOD TO PLANAR CIRCUITS CONTAINING SLOTS IN THEIR GROUND PLANES
In this section, sub-matrices in hybrid matrix representation will be derived for an arbitrarily shaped planar circuit using contour integral method. Let be the contour of the circuit periphery. is divided into sections, small enough to be approximated by a straight line segment. The dividing points whose coordinates are denoted by 's are numbered in counterclockwise direction, as shown in Fig. 3 . This is due to the fact that in deriving the contour integral equation, distance along the contour is measured in counterclockwise direction and the tangent and outward normal to each segment, designated by and for the segment, respectively, are defined in a way that constitute a right-handed coordinate system. The line segment connecting and is referred to as the segment and will be denoted as . The width of the segment is represented by . In addition, the coordinates of the mid point of the segment is denoted by .
A. Edge Impedance Matrix
is the impedance matrix of the planar circuit without the slot in the ground plane. It can be derived using impedance Green's functions for patches having regular shapes or Contour-Integral Method for irregular shapes [1] . By using the Contour-Integral Method, we have , where
where is the angle between the normal to the segment and the vector drawn from to the point on the segment, is the distance between these two points.
is the Kronecker delta function, which is zero unless . is the thickness of the substrate, is Euler's constant, is the permeability of the dielectric, and is the Hankel function of the second kind and order . Except for a scaling factor of 2 which appears in the denominator, is the same as the one given in [1] for tri-plate structures.
B. Edge-to-Slot Transfer Matrix
Here we derive elements. accounts for the transverse magnetic field produced by edge currents on the slot and was already defined as (13) In order to find transverse magnetic field produced by edge currents, it is assumed that away from the slot, the structure is essentially two dimensional and only supports modes. It can be shown (Appendix I) that at any point inside a closed contour , the electric field can be written in terms of the electric field and its normal derivative on the contour (14) which after discretization can be written as (15) and have similar definitions, except for the fact that the point is replaced by , an arbitrary point inside the Contour .
is the total current flowing inward at the port and can be related to by . It is important to note that (12a) and (12b) can be obtained from (15) by taking the principal value of the integral when the point of observation is moved towards the Countour . Since it is assumed that is the only non-zero electric field component, transverse magnetic field components can be written as
From which and (13) the elements of can be derived. Testing functions are chosen to be the same as the basis functions. This choice gives not only a variational form, but also a physical meaning to matrix elements in terms of reaction between electric and magnetic current sources. In addition, it can be shown that in this case becomes the transpose of (Appendix III).
C. Slot Admittance Matrix
Slot admittance matrix accounts for the interaction among slot ports. In order to calculate this matrix, we need the magnetic field produced by the equivalent magnetic sources over the slot at any point inside a planar cavity of arbitrary shape surrounded by PMC walls. Since the modal expansion inside such a cavity is unknown, we propose the following method.
We first calculate the fields due to assuming that it is radiating in a laterally infinite (unbounded) parallel-plate waveguide. These fields, hereinafter, will be referred to as incident fields. Incident fields can be found by either modal expansion or image series. Both these methods show very poor convergence behavior either close to or far from the source [11] . Therefore, complex images method [11] has been used to find the incident fields. The incident fields can be written as (17) If the periphery of the circuit is covered by PMC walls, incident fields will be reflected from the boundary. Equivalently, it can be assumed that incident fields have induced some unknown magnetic current on the periphery, , which acts as a source for reflected fields in a way that the tangential components of incident and reflected magnetic fields will cancel on the boundary, hence satisfying open-circuit boundary condition. This will allow us to find the induced magnetic current on the walls. The analysis can be drastically simplified if it is assumed that away from the slot, the fields are essentially two dimensional. Consequently, will be parallel to at any point along the boundary and we will be able to use discretized contour integral equation to find at discrete points on the boundary in terms of the tangential component of magnetic field on the boundary. These points are taken to be the mid Cavity fields satisfying all boundary conditions can be obtained by superposition of the fields radiated by in an unbounded parallel-plate waveguide and . Using complex images method, fields radiated by a horizontal magnetic dipole (HMD) in an arbitrary direction specified by a unit vector , can be written as
Using a different formulation for the contour integral method, magnetic field at any points inside a closed contour can be written in term of the tangential magnetic field and magnetic current on the boundary (Appendix II) as follows: (24) By substituting for and , we will have (25), shown at the bottom of the following page.
The superscript " " denotes fields by boundary integral method, which is another name for contour integral method. Since " " later will be used for "complex images," here we have used " " to avoid confusion. The total magnetic field will be (26)
If is taken to be the direction vector for the basis function, slot admittance matrix can be calculated as follows: (27) where
is a rather computationally intensive matrix, but it can be easily shown that only depends on . Hence, the whole matrix can be constructed from the elements of any row or column.
V. NUMERICAL RESULTS AND DISCUSSION
In this section the results obtained from our method for some sample structures will be compared with the results from ANSOFT HFSS and ADS MOMENTUM. In all examples, the structure consists of two metallic patches etched on two lossless dielectric slabs with and thickness on two sides of a common ground plane. The two circuits, however, are coupled through a narrow rectangular slot in their common ground plane. Unless otherwise stated, the slot is oriented parallel to the -axis. The slot is 8 mm by 0.5 mm ( and at 5 GHz, where is the wavelength in the dielectric). After numerous simulations we found out that 6 to 8 segments per is sufficient. Whenever there is a cutout, the number of segments on the cutout is taken to be 3 or 4. Increasing the number of segments does not increase the accuracy of multiport network parameters appreciably. The proposed method was implemented in Fortran 90 programming language and was run on a personal computer with a 2.4 GHz Pentium IV processor. Run times vary between 10 to 20 s per frequency point. However, it should be emphasized that such a comparison is unfair to both generalized MNM and commercial software such as HFSS and MOMENTUM. We believe that a professionally written code can significantly improve the speed of the proposed method.
First we consider two rectangular patches coupled through a narrow rectangular slot. This structure can be considered a single pole two-layer filter. Each patch is fed by a 50 microstrip line of width , as shown in the inset to Fig. 4(a) . Both patches are squares with dimensions . No loss is considered so far, but in order to account for the energy stored in fringing fields, sides are extended by [2] (29) Fig. 4 shows the comparison for the magnitude of and . As can be seen the agreement between the proposed method and HFSS is very good and the resonance frequency predicted by both methods is 4.96 GHz. In this case, MO-MENTUM overestimates the resonance frequency by almost 0.5% (4.98 GHz), if it is assumed that HFSS results are accurate. Slight disagreement between HFSS and MOMENTUM is quite expectable [12] and stems from the fact that the ground plane and substrates are finite in HFSS. It has been suggested (25) that for planar structures MOMENTUM gives the most accurate results [13] . Disagreement between the proposed approach and MOMENTUM can be significantly reduced by ignoring the energy stored in fringing fields ( ). As the second example, we consider two identical corner-cut patches, inset to Fig. 5(a) , which comprise a dual band filter. The cutout is a right-angled triangle and measures on the sides. As can be seen from Fig. 5 , The resonance frequencies predicted by our method are 4.92 and 5.19 GHz versus 4.93 and 5.18 GHz predicted by HFSS, an error of almost 0.2%. MO-MENTUM predicts the resonance frequencies of this structure as 4.95 and 5.22 GHz, which differ from those of HFSS by approximately 0.4% and 0.8%, respectively.
As the third example we consider a square patch coupled to a double corner-cut patch, inset to Fig. 6(a) . The cutouts are both on the sides. In this case, the first resonance occurs at 4.92 GHz from our method, 4.91 GHz from HFSS (an error of almost 0.2%), and 4.95 GHz from MOMENTUM (an error of approximately 0.8% with respect to HFSS). The second resonance, however, has an error of 0.56% (5.38 GHz from our method versus 5.35 GHz from HFSS). MOMENTUM shows a second resonance at 5.4 GHz, which differs from that of HFSS by approximately 0.9%. The results are shown in Fig. 6 . The discrepancy between the proposed approach and HFSS can be attributed to several factors, the most important being rather strong radiation at the second resonance which is due to the upper patch. This is a multi-mode filter, as the strong transmission zero can only be justified through cross-coupling of the modes. We have also considered two circular patches, inset to Fig. 7(a) . Both patches have a radius of . In order to account for the fringing fields in this case, the same formula has been used to calculate for and then to extend the radius of the patch by . The results are shown in Fig. 7 . The error in predicting the resonance frequency is less than 0.2% in this case. Interestingly and on the contrary to the previous cases, this time MOMENTUM underestimates the resonance frequency of the structure at 4.98 GHz (compared to 5.03 GHz from HFSS). Disagreement between MOMENTUM and HFSS in this case is approximately 1%. We were unable to find an explanation for this discrepancy between MOMENTUM and HFSS, although similar findings can be observed in other published results [12] .
And finally, we consider two corner-cut patches, similar to the ones considered before, but coupled through a slot inclined at an angle of 45 with respect to both -and -axis, as shown in the inset to Fig. 8(a) . Though the first resonance is predicted with an error of 0.4%, the second resonance, which is a weak one, is absent. This can be attributed to radiation, as enclosing the same structure in a shielding box almost removes the second resonance. MOMENTUM in this case predicts two transmission zeros, compared to one in HFSS and generalized MNM. Enclosing the structure in a metallic box in MOMENTUM did not remove the second transmission zero. This issue is currently under investigation.
To complete the validation of the method, we have also calculated the electric field pattern of the structure in Fig. 4 and have compared it with the corresponding far-field patterns from both HFSS and MOMENTUM. The frequency is chosen to be the resonance frequency of the structure. The results shown in Fig. 9 correspond to . As can be seen, the agreement is very good for up to the grazing angle, but deteriorates for as we get closer to the grazing angle. This is mainly due to the approximate nature of the method we have used to calculate the pattern. The method has been based on reciprocity theorem and ignores surface-waves [14] . At grazing angle, surface-waves are dominant in the far-field, but they mainly contribute to , as become negligibly small as we get closer to the ground plane. This qualitatively explains the discrepancy in from our method, HFSS, and MOMENTUM. Based on the presented numerical results, it can be stated that the results from the proposed method agree satisfactorily with those of HFSS. The agreement with MOMENTUM, however, is not quite satisfactory. Nonetheless, the agreement between the generalized MNM and MOMENTUM can be improved by ignoring the energy stored in the fringing fields, which in turn increase the disagreement with HFSS results. Only measurements can determine which of these commercial software is more suitable for the class of structure targeted by the proposed method. It can also be argued that the generalized MNM is only valid as far as radiation losses are negligible. This will impose some restrictions on the size and location of the slot as well as the thickness of the dielectric substrate. In general, the slot can not be too close to the contour of the planar circuit. This can be seen from the relative discrepancy between the results in Fig. 8 . A similar conclusion can be reached based on the one of the assumption made in deriving interaction matrices between the slot and the edge of the planar circuit. In any case, the slot should not extend proposed method. Nevertheless, combining generalized MNM with reciprocity-based method of analysis of aperture-coupled microstrip antennas [15] , can extend the applicability of the generalized MNM to this class of problems as well.
For thick dielectric substrates (roughly when radiation and surface wave losses become rather significant, the conventional MNM does not perform properly. The generalized MNM is no exception in this regard. In this case it is difficult to set an upper limit on the thickness of the dielectric substrate as the proximity of the slot to the boundary of the planar circuit is also equally important.
VI. CONCLUSION
A fast computational method for analysis of multi-layer planar circuits has been introduced. This method combines the generalized network formulation for aperture problems with MNM method to obtain a unified circuit representation for planar circuits coupled through slots in ground plane. contour integral method has been used for implementation which extends the validity of this method to planar circuits of irregular shapes. Several sample structures have been analyzed by this method and the results have been compared with the results from ANSOFT HFSS to prove the validity of this method. The agreement is very good and shows that the proposed method is a powerful tool for analysis and design of such structures. At this point, the proposed method does not account for radiation losses. Radiation losses can be included in the same way as it has been done in conventional MNM method using edge admittance matrix concept and Segmentation method of analysis. The importance of the new method is that it is amenable to computer aided design techniques already developed for planar circuits. This method also provides a fast and accurate analysis method for planar structures containing slots in their ground planes, such as antenna-filter structures or multilayer filters, which normally suffer from slow convergence when analyzed by full-wave analysis methods.
APPENDIX I
We are interested in finding the electric field at an arbitrary point inside a closed contour from the knowledge of the fields on the boundary. The approach is to solve the reciprocal problem first and then use the reciprocity theorem to find the desired fields [16] . Without loss of generality, we assume that . To this end, a point source is located at the origin and surrounded by an infinitesimally small circle of radius , as illustrated in Fig. 10 . The field due to this point source is a Green's function and is designated by .
Applying the vector Green's theorem to and to the region enclosed by and , we will have (30) where is the area enclosed by and . If we choose , where is a constant unit vector and . It can be readily shown that at any point within the designated area (31) (32) By substituting into (30) and using the vector identity (33) for any scalar and vector , and the divergence theorem, one can see that Since we have assumed that away from the slot the fields are , and . Consequently, we will have (39) Similarly, if one chooses , which satisfies , it can be shown that in (30), the right-hand side is zero. By noticing that the integral of the curl of any vector function over any closed contour that does not contain any sources is identically zero, the left-hand side can be written as (40), shown at the bottom of the page, where use has been made of the following identity:
(41) LHS can be further processed to (42) at the bottom of the page. The integral around the inner contour can be evaluated analytically when it shrinks to zero to show that (43) where .
APPENDIX II
Here (43) will be discretized to give the magnetic field at an arbitrary point inside a closed contour in terms of tangential components of the magnetic field and magnetic current on the boundary. By using It was stated that if the same set of functions is used for both expansion and testing, becomes the transpose of . In this section, the proof based on Lorentz reciprocity theorem will be given.
Since it is assumed that the circuit is enclosed by PMC walls on the sides and PEC walls from top and bottom, on the sidewalls and on the patch and the ground plane. Therefore Lorentz reciprocity theorem takes the following form:
(50) Let us assume that all edge ports are open-circuited except for the port which is excited by flowing into the circuit. We write the reciprocity equation for the reaction between and basis function, . We have
By substituting these into the reciprocity equation, we will have (52) therefore (53) which proves the fact that is the transpose of .
